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Abstract 

It is known that Markovian forward-backward systems are related to systems of semilinear 
parabolic PDEs. In this paper we extend this result to the non-Markovian case, proving that 
a non-Markovian forward-backward system is related to a certain path-dependent PDE (PPDE), 
a new kind of PDE recently introduced within the framework of functional Ito calculus. In par- 
ticular, we give the definition of viscosity solution for the PPDE related to our specific case and 
we prove that, under quite general hypotheses, the forward-backward system provides the unique 
continuous viscosity solution to the path-dependent PDE. 

Keywords: Non-Markovian BSDEs, Path-dependent PDEs, Functional Ito calculus. Viscosity 
solutions 



1. Introduction 

It became clear, after the publication of the papers by Peng | II ] and by Pardoux and Peng ifioll , 



that Markovian backward stochastic differential equations (BSDEs) were related to systems of 
semilinear parabolic partial differential equations, via the nonlinear Feynman-Kac formula. In 
the present paper we generalize this result to the non-Markovian case, proving that, under suit- 
able hypotheses, the BSDE yields the unique viscosity solution to a so-called path-dependent 
PDE (PPDE), introduced recently by Dupire Jd] within the framework of functional Ito calculus, 
further developed by Cont and Fournie 13 Jj, |51] . We adopt the definition of viscosity solution for 
path-dependent PDEs presented in Peng 11211 . 

We give an outline of the problem. Let {Q., T , P) be the Wiener space on [0, T\ and W - 
(W(f))fe[o,r] be the canonical li-dimensional Wiener process. Then, for every t e [0, T\ and 
X 6 M", consider the following non-Markovian forward-backward system: 

X{s) + I' bir,X{r))dr + J' o-(r,X(r))dW(r), 
Y{s) = giXiT)) + fir, X{r), Y{r), Z(r))dr - Z(r)dW{r), 

for every s E [f, T], P-a.s., where b, cr, f and g are stochastic. Suppose that there exists a unique 
solution {X'-\ Y''\Z''") - {X'''(s), Y'-'(s),Z'-''(s))se[t,T] to the above system. We are interested in 
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the following function: 



u{t, x) Y'-\t), V(f, x) 6 [0, T] x M", P-a.s. 
Observe that the function u depends also on o), therefore it is more properly a random field. 



This random field was studied by Tang in Ill4tl . who proved that, under suitable assumptions. 



M is a classical solution to the following non-Markovian backward stochastic partial differential 
equation (BSPDE): 

du(t, x) = --Cu{t, x)dt - f{t, X, u(t, x), v(t, x) + Vxu{t, x)o-{t, x))dt 

- tT[VMt, x)cr{t, x)]df + v{U x)m{t), (t, x) 6 [0, r) X M", 

u{T,x)^g{x), xeW\ 

where the operator X is given by 

£u = (V,-M, b) + \ji[o-o-'Vlu] 

and 

y(f, x) := Z''-\t) - V.,M(f, x)cr{t, x), V(f, x) e [0, T] x M", P-a.s. 
The focus on classical solutions only has relevant implications on the assumptions. We note. 



in particular, that in 111411 the author requires / to be linear in z- To avoid these strong assumptions, 
it would be convenient to adopt a notion of viscosity solution for stochastic partial differential 
equations, as presented in the papers by Buckdahn and Ma |[lll2l and by Lions and Souganidis Jsl 
However, in the present paper, we decided to proceed in another direction, applying the tools 
provided by the functional Ito calculus to prove that the random field m is a viscosity solution of 
a path-dependent PDE. 

We derive formally the correct expression of this path-dependent PDE. To this purpose, we 
apply the results presented in Peng and Wang |13ll . valid only for non-Markovian BSDEs, to 
our non-Markovian BSPDE. In particular, in llisll the authors relate non-Markovian backward 
stochastic differential equations to path-dependent PDEs. More precisely, they provide a non- 
linear Feynman-Kac formula for classical solutions of path-dependent PDEs in terms of non- 
Markovian backward stochastic differential equations. We can exploit these results in our con- 
text, only formally, to associate a path-dependent PDE to our backward stochastic partial differ- 
ential equation. Indeed, for every fixed x e W\ we can think of our non-Markovian BSPDE as a 



non-Markovian BSDE, then, following Ill3ll . we deduce the PPDE for u: 



D,u(t, x) + £u(t, x) + f{t, X, u(t, x), D,u(t, x) + V_^u(t, x)o-(t, x))+ 

+Xi[VxD,u(t, x)o-(t, x)] + itr[D,.M(f, x)] = 0, (f, x) e [0, T) x W, 

u{T,x)^g{x), xeM", 

where D,, and D^.- are the so-called pathwise or functional derivatives, which act along the 
path cl> G Q. We note that the above equation is not precisely a path-dependent PDE, due to the 
presence of the classical derivatives V^^m and VjM. For this reason, in the paper, we refer to it as 
mixed-path-dependent PDE (MPPDE). 

To prove rigorously that there is a relation between the above mixed-path-dependent PDE 
and the non-Markovian forward-backward stochastic system, we have to fit the latter into the 
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framework of functional Ito calculus (this task is carried out in Section [3]). Then we have to 
provide the definition of viscosity solution for the mixed-path-dependent PDE. Our definition 
combines the definition of viscosity solution for PDEs with the new definition for path-dependent 
PDEs, recently given by Peng fl2\. We observe that there exists another definition of viscosity 
solution for path-dependent PDEs, given by Ekren at al. 101, that applies when u is defined on 
the space of continuous (not cadlag) paths, which it is slightly more subtle. The path space on 
which u is defined depends on the definition of the non-Markovian forward-backward system, 
which in our case we chose to be the space of cadlag paths, inspired by llBll . 

Finally, we prove that there exists a unique viscosity solution to the mixed-path-dependent 
PDE. In particular, we show that the uniqueness for the mixed-path-dependent PDE is a conse- 
quence of the uniqueness, in the viscosity sense, for a certain path-dependent PDE. Therefore, 
we can exploit the comparison theorem for path-dependent PDEs, proved in 11211 . to derive a 
comparison theorem in our context. 

The plan of the paper is as follows: Section|2]is devoted to fix the notations and to present 
some fundamental results regarding functional Ito calculus. In Section [3] we study the non- 
Markovian forward-backward system within the framework of functional Ito calculus; in partic- 
ular, the existence and uniqueness theorem and the comparison principle are given. In Section|4] 
the continuous dependence of the solution of the BSDE with respect to the initial state is proved. 
In Section |5] the mixed-path-dependent PDE is studied; we give the definition of viscosity so- 
lution for the MPPDE via test functions and by means of jets, proving that the two definitions 
coincide; we prove that the non-Markovian forward-backward system provides a viscosity solu- 
tion to the MPPDE. Finally, Section|6]is devoted to the proof of the comparison theorem. 



2. Notations 

We introduce the main tools of functional Ito calculus needed later, following closely 
Let r > be fixed. For each t e [0, T] we denote by Aj the set of cadlag R'^-valued functions on 
[0, t]. A generic element of Af is denoted by y,. Its value at time s e [0, t] is indicated by yt{s), 
therefore y, = y/(s)o<j</- We also use this notation: 

jt = rMo^s^t = (r/('S)o^.!</,rf(0), 

to emphasize the terminal position yi(t) of the path y,. For each y, e Af and ^ e we denote 
by yf - {jt{s)Q^s<t,7i{t) + therefore yf E A*. For every t e [0, T], Af is a Banach space with 
respect to the following norm: 

|lr,|| := sup |y,(^)l, Ji e Af- 

je[0,f] 

We observe that the norm should depend on t, however to simplify the notation we dropped this 
dependence. 

We introduce the space A* - U/e[0,r] A generic element of A*^ is therefore given by 
y, € A*, for some t E [0, T]. We now define a distance on A*^. For each ^ f ^ f ^ T, y, E A* 
and ff £ A*, we denote 

dco(y„yT) := max( sup {\y,{s) - yr{s)\], sup l\y,(t) - yK*)!)) + \t-t\. 

se[0,t] s£(t,t] 
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Definition 2.1. A functional said to be h'^ -continuous at y, e A*^ if whenever 

7"_ e A*, with doo(7"^,'yr) 0, we have u(yij — » uiy,). The functional u is said to be K^- 
continuous if it is A!^ -continuous at each y, e A*^. 

Now we introduce the main tools of functional Ito calculus, i.e., the so-called pathwise or 
functional derivatives. 

Definition 2.2. Let m ; A*^ ^ R and y, e A*^ be given. If there exists /? e R*^ such that 

u{y^,)^u{y,) + {p,0 + o{\^\\ 

then we say that u is (vertically) differentiable at y, and we define D^u(y,) :— p. The functional 
u is said to be vertically differentiable in A* if D^u{yt) exists at every y, 6 A*. Analogously, we 
can define the Hessian matrix D^^u{y,), which is an S{k)-valued functional, where S{k) is the set 
of all k X k symmetric matrices. 

We adopt the following notation for every y, e A*^ and s e [0, T]: 

r^W = rr('- A 0, re[0,s], 

theny,,s E A^. 

Definition 2.3. Let m: A*^ ^ R andy, E A*. // we have 

m(T/,.s) — m(T/) + <^is ~ t) + o(\s — f|), s ^ t, 

then we say that u is (horizontally) differentiable at y, and we define D,u(yf) :— a. The functional 
u is said to be horizontally differentiable in A* if Dtuiy,) exists at every y, £ A*^. 

Definition 2.4. We denote by C-''^(A'^) the set of functionals m : A* — > R, which are j times hor- 
izontally differentiable and { times vertically differentiable in A'', such that all these derivatives 
are A!^ -continuous. 

As shown in the following remark, when the functional u depends only on the terminal po- 
sition of the path, i.e., m is a function defined on an EucUdean space, functional derivatives turn 
into classical derivatives. 

Remark 2.5. Ifu(y,) = f{t,y,{t)),for all {t,y,) e [0, T] x A^ with f £ C''2([0, T] x R*), then 

D,u(y,) ^ d,f(t,y,(t)) 

and 

D^uiy,) = V^/(f, 7,(0), %M(r/) = V^f/(f, 7,(0), 

with (f, 7,) £ [0, T) X A*. 

We are now in the position to state the main result of functional Ito calculus, namely the 
functional Ito's formula, firstly proved in and then generalized in IsH^jS- Before we need 
the following remark. 

Remark 2.6. Consider a stochastic process X — (X(t))te[o,T] on a probability space (Q, 9^, P). 
Let t £ [0, r], then we denote by X(t) the value ofX at time t and by X, the path ofX up to time 
t, i.e., X, = X(s)o<;i^,. 
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Theorem 2.7 (Functional Ito's formula). Let (Q, "F, {Tt)te[Q,T],^) be a filtered probability space. 
IfX — (X{t))i£[Qj] is a continuous k-dimensional semi-martingale and u e C''^(A'^), then for any 
t e [0, T), P-a.s! 



u{X,) = m(Xo) + r D,M(X,)di + r %M(X,)dX(i)+ (1) 
Jo Jo 



W){s). 



3. Non-Markovian Forward-Backward System 

In the present section we fit the non-Markovian forward-backward system into the framework 
of functional Ito calculus, following (I^- 

LetQ = C([0, r] ;M'') and P the Wiener measure on (Q,S(Q)). We denote by W = (W(f)k[0,r] 
the canonical Wiener process, with W(f, w) = ^(f), f e [0,7], w € Q. For any f e [0, T], we 
denote by Tt the P-completion of cr(W(s), s e [0, /]). 

Let t e [0, r], e A'' and x e M". We consider the following non-Markovian forward- 
backward system: 

'X(,,As) = x + J'b{Wf,X(,,Ar))dr + cr{Wf.' ,X(,^Ar))dWir), 
' Y(,Js) = ^(W^',%,(r)) + f fiwf\X(,,,ir), Y(„,ir),Z^„,ir))dr (2) 
- Z^,Jr)dWir), 

for every s e [t, T], P-a.s., where 

W^-(r) arnm(r) + (^0 + W(r) - W(0)l(,.rj(r), Vr 6 [0, T]. 

We assume that X^^^^jds) - x for s e [0, t), so that the BSDE can be solved on the interval [0, T]. 

We impose the following conditions on the drift b: A'' x M" M." and on the diffusion part 
0-: A'' X R" -> M"^'' of our forward SDE: 

(Hh^a-) b and cr are continuous functions on A'' x R". Moreover there exists a constant C > such 
that for any 6 A'' and x,x e M" we have 

\b{^„ x) - b{(„ x)\ + \cr{(„ x) - cr{(„ x)\ C\x - x\ 

and 

\b((,M + \cr((,M^C. 

On the generator /: A'' x M" x M x M'' ^ M and on the terminal condition g: A'^xR" 
of our backward SDE, we make the following assumptions: 

(Hg) g is a continuous function on A^ x R". Moreover there exist two constants C > and 
q ^ I such that for any 6 A^ and x e R" we have 

\g((T,x)\^c(i + \m' + m. 
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(Hy) / is a continuous function on A'' x R" X R x M.''. Moreover there exist two constants C > 
and q ^ 1 such that for any e A'', jc e R", y, y e M and z,z&W we have 



\f{(„x,y,z)-Mr,x,y,z)\ < C{\y-y\ + k-z|) 



and 



\M„x,o,o)\^c{i + m'' + m- 

Furthermore, we assume that for every (r, x, z) e [0, T] x A^' x M" x R'', the function 

y ^ f{(„x,y,z). 



IS nonmcreasmg on K. 

Remark 3.1. In assumption (H/), the last requirement about the monotonicity of f with respect 
to y is used only to simplify the proof of the Comparison Theorem, Theorem \6.6\ and it is not a 
loss of generality. Indeed, if we do not assume this hypothesis, thanks to the Lipschitzianity of f 
with respect to y, we can always return to the case in which f is nonincreasing with respect to y. 

Definition 3.2. We introduce the following spaces of stochastic processes: 

(i) S^(0, r), with p ^ I, the space of all {'J^,)ie[oj]-adapted, R-valued continuous processes 
Y - (Y(t)),(z[O T] such that 

E sup |y(f)|'' < oo. 

(ii) M^(0, TY, with p ^ 1, the space of all {'J^,),^[Qj'^-adapted, W' -valued processes Z — 



(Z(f))/e[o,r] such that 



(f |Z(Ol^d.)^ 



< oo. 



We recall the following standard results. 

Lemma 3.3 (Existence and Uniqueness). Under assumptions (^b,a), (H/) and (Hg), for every 
t € [0, r], € A'' and X € M".- 

(i) There exists a unique strong solution X^ ^ to the forward SDE in (|2l), which belongs to 
§'^(0, T)" ( the cartesian product ofW{Q, T) by itself n times), for all p ^ 1. Moreover there 
exists a constant C > such that 



E 



sup \x^,M)f 

l<s<T 



C(l + 



(3) 



for all p ^ I. 

(ii) The BSDE in ((21) admits a unique solution {Yq^x,'^c,,x) 6 §^(0, T) X M^(0, TY, such that 



E 



sup |i'f„.v(^) 



+ E 



(^)l'd. 



CE^g{w^-,x^M)t\ 



(4) 



■CE 



J |/(lV^Xf,.,(r),0,0)fflfr 



for some constant C > 0. 



6 



Finally 

u(^,, x) := Ff,„,(f), Vf e [0, T], e A'', xeR", (5) 
defines a deterministic function u: A'^ xM." —> M. 

Leiiuna 3.4 (Comparison Principle). Suppose that assumption (Hb^a-) holds true and let t e 
[0, r], 6 A'' and x 6 M". Consider two pairs of generator and terminal condition {f\,g\) 
and ifi^gi) satisfying assumptions (Hy) and (Hg). Denote by (F^ ^,Z^ ^) and {Y^ ^,Z^ ^) the 
solutions to their corresponding BSDEs. If: 

(i) gi(W^',Xf„,(r)) sC g2{W^T^,X(„AT)), P-a.s. 

(ii) fi{Wi\X^,,,is),Yl Js),ZlJs)) ^ f2iWi\X^,,As),YlJs),ZlJs)), di®dP-a.e., 

f/ze« Y^ ^{s) ^ Yl ^{s), for all s 6 [0, T], P-a.s.. 

Furthermore, if Y^ J^t) ^ ^(f), f/jen F^, = YI p), for all s 6 [0, T], P-a.s.. /n 
particular, i/P(§i(W^',Xf„,(r)) < g2(H^^',^f„.v(r))) > or fi{WtXi,,As),YlJs),ZlJs)) < 
f2{Wi\X^^As),Y^^ p),Zj. J^s)) on a set of strictly positive measure As®6F, thenY^ ^(t) < ^,(0- 

4. Regularity 

Our purpose is to prove that the non-Markovian forward-backward system provides the 
unique continuous viscosity solution of a certain path-dependent PDE. To prove the continu- 
ity part we study the dependence of 7^, ^ with respect to the pair x). We first need to consider 
the forward process X^, i as a function of x). 

Lemma 4.1. Under assumption (Rh^a-), for every t,t e [0, T], (t,^T ^ A'' and x,x e M", we have: 

IE[|X^„.x(i) - 0, as dU^r, O ^ and x ^ x, 

for all s e [0, T]. 

Proof. The process X{s) :- ^f„.i(i) - X^. ^s), with s e [t W i, T], solves the following stochastic 
equation 

X{s) ^X(tyt)+ f b{r)dr + f d-{r)dW(r), 

Jivf Jivf 

where 

b(r) - b(Wf',X^,Ar)) - /7(wf\%,(r)) 

and 

&(r) cr(Wf',X(„Ar)) - cr(W^,%,(r)), 
for r e [t V t,T]. Applying Ito's formula to (f(x) = gives 

\Xis)f = \X{t V 01" + 2 r {X{r), b(r)}dr + 2 f {X(r), d-(r)dW{r)}+ 

Jt\/i Jt\/t 

+ f \&(r)fdr. 

Jivr 
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Therefore we find 

E 



ms)f] = E[|l(f V i)f + 2 f <l(r), b(r)}dr + f \&(r)fdr]. (6) 

We can write b{r) and (T(r) in the following way: 

b{r) = b{Wf ,X^,,,{r)) - b{wf ,X^„,{r)) + b{wf ,X^„,{r)) - b{wf ,X-^,^,(r)) 

and 

&{r) = cr{Wf ,X^„Ar)) - crCW^f ,Xf„,(r)) + crC^vf - (r(W^f ,X^,,(r)). 

We define 

&(r) /7(W^,%,(r)) - /^(wf ,Xf„,(r)) 

and 

&{r) (r(Wf',Xf„,(r)) - cr(Wf ,X^„,(r)), 
for r e [f V f, r]. As a consequence equation (|6]l becomes 

E[|l(i)|-] ^ E[ll(f V f)l^ + 2 r |l(r)||5(r)|dr + 2C f |l(r)|-dr+ 

J/vf Jl\lJ 

+ 2 r |o-(r)|2dr + f |X(r)pdr]. 

J/vr Jfv/ 

Young's inequality yields 

E[|X(s)|2] sc:E[|l(fVf)|2+ r |l(r)|2dr+ f |5(r)|2dr+ 

JfVf J/vr 

+ 2C r |l(r)|2dr + 2 f \&(r)\^Ar + 2C- f llWI^dr]. 

Jrvf Jrvf JfVf 

From Gronwall's inequality we get 

E[|X(i)|-] 5$ E[|X(f V f)p + r |^(r)|-dr + 2 f |o-(r)|-dr] exp((l +2C + 2C^)(s - t V f)). 

J/vr J/v/" 

Thanks to assumption (H^, o-), from the dominated convergence theorem we deduce that the terms 
\b(r)\Mr] and E[J^;^- |o-(r)pdr] tend to zero when A^Hj, ^ and x ^ x. 
To conclude, we analyze the term \X{t V /)!"■ We consider only the case f ^ f , since the other 
one is analogous. We have 

l(f V f) = X{t) = X^„.,(f) - x = x-x + ^ , Zf„^-(r))dr+ 

+ J (r(Wf,X^„,(r))dW(r). 
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Applying Ito's formula to (p{x) = \x - we get 

|X(f)p = |x - xp + 2 J <X^„.(r), b{Wf',X^,,,ir))}dr+ 

+ 2 J {X(,^M,cr(Wf',X^,Jr))dW(r)) + J \cr(Wf ,X(,,Ar))\^dr. 
Taking the expectation and using Young's inequality we find 

+ e[ J k(Wf',Xf,»)pdr]. 
Gronwall's inequality implies 

E[\X(t)\^] ^ E[|x - ^I' + J \b{Wf.\X^,,,{r))Ur+ 

+ J |cr(W^',X^„,(r))|2dr] exp(f - t). 

From assumption (H^o-) we see that the term J' \b(Wf' ,X(^^x(r))f'dr satisfies the following in- 
equality: 

J \b(Wf-,X^„Ar)fdr 2 J \b{wf ,0)\~dr + 2C~ l%.Wpdr 

and an analogous inequality holds true for the term \cr{Wf' ,X(^ jc{r))f'<if- Therefore, from the 
dominated convergence theorem, we deduce that the quantity E[|X(f)P] tends to zero, as (f, x) — » 
(t,x). 

The proof that E[|X(s)p] converges to zero, for s 6 [t, T), is similar to the proof with s - t, 
since X^. ^s) - x, for every s e [t, T). Finally, because of X(s) - x - x, for s e [0, t), we get the 
thesis. □ 

Lemma 4.2. Under assumptions (H|!,_o-), (Hy) and (Hg), for every t,t e [0, T], E A'' and 
x,x € W, we have: 

E[|Ff„.v(i) - %.i(s)P] 0, as d„(^f, anc/ x ^ jc, 

for all s e [0, T]. 

Proof The pair (y^^.i- - %i,Z^„., - Z^. ^.) is the unique solution in §^(0, T) x M-(0, TY to the 
following BSDE: 

YU^) - =8{Wf,X(,JT)) - g(wf,X-^,,,{T))+ 

+ J imf' , X^„.v(r), yf„,(r), Zf„,(r)) 
- f(wf, %.,(r), %^(r), Z^,,(r))]dr 



-J (Z^„,(r)-Z^^_,(r))dW(r). 

We adopt the following notations: 
and 

/(r) := f{Wf,X^„,{r), Ff„.v(r),Zf„,(r)) - /(wf\%.,(r), F^,,(r),Z^_^(r)), 
for all r e [0, T~\. Applying Ito's formula to ip{y) - yields 

\Y{st + \Z(rfdr = |^|- + 2 J <?(r), /(r))dr - 2 <?(r), Z(r)dm'-)). 

Taking the expectation we get 

+ J |Z(r)|2dr] = E[|^|2 + 2 J <y(r),/(r))dr]. 

We can write f(r) as follows: 

/(r) =/(Wf',%,(r), yf„,(r),Zf„,(r)) - /(Wf ,%,(r), Ff,..(r),Zf„,(r))+ 



+ fiwf, Xj,,,(r), yf„,(r), Z^„,(r)) - f{wf, X-^^^,{r), Z^,^(r)) 



and we define 



fir) := f{Wf.',X(,Jr), 7f„,(r),Zf„,(r)) - /(H^f ,%,^(r), 7f„,(r),Zf„,(r)), 
for r 6 [0, r]. Therefore, from equation (|7]i and assumption (H/) we find 

+ J |Z(r)|-dr] s=:e[|^P + 2 J |F(r)||/(r)|dr]+ 



■2CEf J |F(r)|2dr + J |?(r)||Z(r)|dr]. 



Let e E (0, 1/(2C)), then Young's inequality yields 



E[\Y(s)f+ \Z(r)fdr]i^E[\-gf + j^ \Y(r)fdr + l/»l'dr]+ 
+ 2CE[ \Y(r)\-dr + - \Y(r)f<ir + s \Z(r)fdr\. 



As a consequence we find 



E[\Y(s)\^] < E[|^|2 + \f(r)\^dr] + (l + 2C + ^)e[ £ \Y(r)fdr]. 
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An application of Gronwall's inequality gives 

nT 

Ef|f(s)|'] E[|^|2 + J |/(r)|-dr] exp((l + 2C + 2C/e)(r - s)). 



Thanks to assumptions (Hy) and (H^), using Lemma Holl and the dominated convergence theo- 
rem, we deduce that the two terms E[|^p] and E[J^"^ |/(r)|-dr] go to zero as doo(^/, ^r) — » and 
i — » jc, hence we get the thesis. □ 

Theorem 4.3. Under assumptions (H^o-), (Hj) and (Hg), the function u defined in Q is contin- 
uous on A'' X E". 

Proof. Let f, f e [0, T], If e A'' and x,xe R". Then we have 

u(^„x) - u{Ij,x) = y^„,(f) - F^„,(f) + y^„,(f) - Yi,-,{t). 

In particular 

E[|m(^„x) - u{lj,xt] < 2E[|Ff„,(f) - Ff„,(f)P] + 2E[|Ff„,(f) - }>,,,(f)l']. 



From Lemma|42|we know that the last term goes to zero as doo(^f, ^t) and x —> x. Therefore 
it is enough to prove that the term E[|F^j_ - goes to zero as well. This follows from 

the fact that 7^,1 e S^(0, T) and from the dominated convergence theorem. □ 

We end this section proving that the function u satisfies a polynomial growth condition, the 
same required to apply the Comparison Theorem, Theorem l6.6l 

Proposition 4.4. Under assumptions (Hio-), (H/) and (Hg), the function u defined in Q satisfies 
the following polynomial growth condition: There exists an integer m > such that for every 
(t. It) € [0, T] X A^ we have 

HC,x)\ 

' ■ 0, as \(z,x)\ ^ oo, (8) 



1 +\{z,x)\'" 
uniformly in t e [0, T] and ^, E A;, where 



A| y e A': = '^As A r), s e [0, t]}. 



Proof Let (f, (t) e [0, T] x A^, (t, € [0, T] x A^ , zeW' and x e M". From the definition © 
of u and the estimate ^ we have (in the sequel the letter C stands for a positive constant, whose 
value may change from line to line): 



\u(C,x)f = |yf.,,(f)l' ^ E[ sup ^CE[\giwf,X^;JT)f]+ 

J \f{wfKx^:,Ar),0,0fdr 



- selt,T] 

+ CE 
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Assumptions (H/) and (Hg) yield 

|/(wf ,X^.,,(r),0,0)|'drJ s$ CE[(1 + H"? + {X^^AT^f} 
+Ce[ J (l+||wfir' + |Xf;»n'dr 

From estimate (O we find: 

E[(1 + WW^Jr + \X^;,,(T)\''f] + e[ J (1 + liwf ll'' + |Xf;,,(r)|^)'drj sC c(l + \xfU 

+E[\\wlt']+E[j\\wf-t'dr\). 

Note that, forr e [f, T], 

WWf'W-"^ sup iwf'is)]^"^ sup \Wf'(s) + zli,,r](s)f' + \z\-'')- 

se[Q,r] se[0,r] 

Furthermore, since (, € , there exists w E [0, f] such that 

wf'f"^ sup wHsf^ sup \asnio,n(s) + (m + w(s)-w(tm(,,As)\''> = 



se[0,r] 



s£[0,r] 

= sup I^H^ A wUioMs) + (Mt A w) + Wis) - W(m^,,As)\^i ^ 

.!£[0,r] 

2^'^-U\\^T\f'' + sup \W{s) - W{t)f''). 



Hence we have 



from which we deduce the thesis. 



□ 



5. Mixed-path-dependent PDE 

We now present the path-dependent PDE related to the non-Markovian forward-backward 
system. This PDE was derived in the introduction, where we noticed the occurrence of classical 
derivatives. For this reason we called it a mixed-path-dependent PDE (MPPDE). In the present 
section we study it rigorously, giving the notion of viscosity solution and proving that the non- 
Markovian forward-backward system provides a viscosity solution to the MPPDE. 

Consider the following mixed-path-dependent PDE: 



DM0' + -CuiO, x) + itr[D,,M(^„ x)] + tr[V.,D-M(^,, x)o-(0, x)]+ 
+/(f„ X, u{(,, x), D-u{(,, x) + VM(t, x)o-(0, x)) = 0, 

on [0, T) X A^' X M", 
u(^T, x) = g(^T, x), on A'^ X M", 



(9) 
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where the operator £. is given by 

J:u{(„x) = {V,u{(„x)M(„x)) + Ux[(T{^,,x)(T\^t,x)Vlu{(„x)], 

for every (f, x) e [0, T] x A'' x M". 

We introduce the notion of test function, since we need it in the definition of viscosity solu- 
tion. 

Definition 5.1. A function (f. A^xW — > K is said to be of class C''^'^(A''xR") ifip is continuous 
on A'' X M" together with its derivatives D,(p, D-tp, V^(p, D^~(p, V^i^, ^(f and V^D~(p. 

We are now in a position to give the definition of viscosity solution for the mixed-path- 
dependent PDE (ig. 

Definition 5.2. An upper (resp., lower) semicontinuous function u: A^' xM." M. is called a 
viscosity subsolution (resp., supersolution) to (O if: 

(i) For each (t, z, x) 6 [0, T) x R'' x A'' x M" and any ip e £}'^'\A'' x M") such that (t, z, x) is 
a local maximum (resp., minimum) ofu{^"^,y) — if{^f^,y), with (s, w,y) E [f, T) x R"' X M", 
we have 

D,ip(C', x) + LifiCl x) + ^tr[D,MCh x)] + tr[V,D,^(^;, x)cr{^~, x)] + 
+ f{(~, X, u((~, x\ DMif, x) + V,M(h xM^'n x)) > 0, (resp., s$ 0). 

(ii) M(fr, Jc) < g{i:,T,x) (resp., u((t,x) ^ g((T, x)) for every ((t,x) € A'^ X R". 

A function u: A'' X W — » R is called a viscosity solution to (O if it is both a viscosity subsolution 
and a viscosity supersolution. 

The connection between the non-Markovian forward-backward system and the mixed-path- 
dependent PDE is shown in the following theorem. 

Tlieorem 5.3. Under assumptions (Hh^^-), (H/) and (Hg) the function u defined in Q is a vis- 
cosity solution to dP]). 

Proof. We already know from Theorem l4.3l that the function u is continuous. We only prove that 
M is a viscosity subsolution, the other case being analogous. Take any (f, z, (t, x) e [0, T)xR'' x 
A'' X W and cp e C'----(A'^ x M") such that (f, z, x) is a local maximum of u(^;'^^, y) - ip(Cl„ y), with 
(s,w,y) £ [f, r)xM''xR". We assume, without loss of generality, that 

"(^;, x) = <^(f;, x). 

We suppose that 

D,ip((;, X) + Jjp(C, x) + Ux\D,-^^(Ci, x)] + tl•[V,D,^(^,^ x)(t(C, x)]+ 

+ f(Cn X, uiif, x), D,(p((;, x) + VMfj, x)o-(f;, x)) < 

and we will find a contradiction. Let e e (Q,T - 1) be such that for all (s, w, y) e [t,t + e]x BJ^z) x 
Be(x), we have: 

u(c:.,y) ^ ip(c:„y) 
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and 

+ f(c:.y, «(C'3')' DMC:s,y) + ^MC:s^yMC:.y)) < 0. 

Define the following stopping time 

r = inf {i ^ f : \W{s) - W{t)\ ^ s) A inf ^ f : \X^; Js) - x| ^ e} A (f + e). 
Now we consider the following pair of processes 

(Y(s),Z(s)),,^,,,,^ = (y^;,,(* AT),Z^=,,(^)l[0,.](^)),e[,,,.]■ 
(F,Z) solves the BSDE 

fl+e 
Z(r)dW(r)+ 

Xl+B 
l[0,T](r)/( Wf' , Xf.,,(r), M(wf , Xf.,,(r)), Z(r))dr, 



for s 6 [f, f + e]. On the other hand, thanks to the functional Ito's formula ([T]) and Remark 
we have that the following pair of processes 

solves the BSDE 

Xt+e pt+e 
Z(r)dW(r)- J lio.r](r){D,<p + £v+ 

+ ^tr[D,M + tr[V,D,^cr])(wf-\Xf=,,(r))dr, 

for s € [t,t + s]. Now, with the help of the comparison principle (Lemma [3.4b . we deduce that 
Y(t) < Y(t), i.e., u{(f, x) < tfi{(f, X), which contradicts our assumptions. □ 

Now we provide another definition of viscosity solution for the mixed-path-dependent PDE (|9]) 
by means of jets, needed later in the proof of the Comparison Theorem (Theorem 16.61 ). In the 
following definition we denote by §(»z) the set of symmetric matrices of order m. 

Definition 5.4. Given an upper semicontinuous function u: A''xM" M. we define the parabolic 
superjet ofu at (f, z, (,t, x) e [0, T) x M'' x A"' x W, denoted by 'P^-'*'u((;, x), as the set of triples 
(a, p,X)eRx M''+" x S{d + n), with 
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where e W^, 



p, e W, X~: 6 S(rf), E W""" andX^, e §(«), iMc/i f/zaf 



"(Cf 3') < "(ff' ■*^) + - + {Pz^ w-z) + {px,y- x)+ 



+ 2<^-":(^ - Z), W - Z) + (X^CV - X), W - Z) + 

+ ]^{^xx{x -y),x-y) + o{\s -t\ + \w- z|^ + \y- x\-\ 



as s ^ f^, w — > z fl«t/ y X. We also introduce the parabolic limiting superjet: 



P^-^u(^;, x) = {(a, p,X)eRx M''+" x S(d + n) : 3(t„,z, 
p„,X„) such that (a„, p„, X„) 6 V^'^ui^l 

(Z;i; ff„i ^(f(„ ' ' '^M' Pi'^^n) 




iz,(t,x,u{^f,x),a,p,X)}. 



When u is a lower semicontinuous function on A'^xM", we define the parabolic subjet P^' u((f, x) 
ofu at (t, z, x) 6 [0, r) X M'' X A"' X M" by 



In the following lemma we prove that the two definitions of viscosity solution for equation (|9]l 
given above are equivalent. 

Lemma 5.5. Let u: A'' x M." M. be an upper (resp., lower) semicontinuous function. Then u 
is a viscosity subsolution ( resp., supersolution) to dPf if and only if: 

(a) For each (f, z, x) e [0, T) x M'' x A'' x M" and any (a, p, X) e P^-^u(^f, x) (resp., (a, p, X) € 
P~'^u{(f, x)) we have 



+ fif;, X, u{f;, x), p, + PxO-if;, x)) ^ 0, {resp., ^ 0). 

(b) u{^T, x) g((T, x) {resp., u{(t, x) ^ g{^T, x))for every {(t, x) e A'^ X M". 

Proof. Suppose that u: A'^ x M" — > M is an upper semicontinuous function and satisfies (a) of 
Lemmal53] Let(p e C''^'^(A''xR") be such that(f,z,x)isalocal maximum of 
with (s, w,y) € [t, T)xM.'' X M". We assume, without loss of generality, that 



P---u((;,x)^-r^-^(-u)(C,x) 



and the parabolic limiting subjet V^' 



uif;, x) by 



r^'-u(^;,x)^-P'-^(-u)(^;,u). 



a + {px, b{(;, x)) + -txWa'iC,, x)Xxx\ + -tr[X,] + tr[X,cr(^^ x)] + 



uiCi'X) = ipiCi,x). 



Then 



u{C:„y) ^ viC^y) = uiif, x) + D,<f{(f, x)is -t) + {D,<fi(f, x), w - z)+ 

+ {VxifiC;, x),y -x} + \{D,,tf(C' -Z),w- z>+ 
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+ i<V2^(^f, x)(y -x),y-x) + {V.D-M^n ' z\y - x)+ 
+ o{\s-t\ + \w-z?- + \y-xf-), 

as 5 ^ f^, vv — > z and y — > x. Define a :- Diip((f, x), 

then (a, p,X) e P^'^u(^f, x), therefore (i) of Definition |52] holds true. 

Now suppose that u is a viscosity subsolution to (|9]l. Let (t, z, (t, x) e [0, T)xM.^ x A'' x M" 
and (a,p,X) e r^-+u((;,x). Define 1^^=,.,: A'' x M" ^ R as follows: 

^cA^hy) ■.^u{Q,x) + a{t-t) + {p-,w-z) + {px,y-x)+ 
+ \{^zziw -z),w-z) + ]^{X^x(y -x),y- x)+ 
+ {Xx^{w-z),y- x), 

for every (f, lj,y) e [0, T] x A'' x M", where 

w ut) - at A t). 

Note that 1/^^=,.,. € C''^'^(A'' x M"). Now consider 

v^M^ y) y) - ^(;Ait, yl V(f, (f, y) e [0, r] X A'' X M", 

then there exists a continuous function /i^ ^ : [0, T] X M'' X M" ^ M such that 

VC,.v(C'3') If - - z\^\y - w,y), 
when (s, w, y) is in a neighborhood of (f, z, x) and 

/^f;,.t('5> M'>3') — > 0, as (i, w,3') — » (f, z, x). 

Let 

k(6,a,P):= sup w,}?)!, 

[(f-(5)vO, {t+S)AT]xBJ:)xBis{x) 

for all 5 6 [0, T] and a,/3 ^ 0. Then we define 

(po(^f,y):^ I d5 I da I da I db I k(6,a,/3)d(i. 

J\i-t\ J\w-z\ Ja J\y-x\ Jb 

for every (f, lj,y) e [0, T] x A'' x M", where 

w:=^f(f)-af Af). 
As a consequence 6 C''^'^(A"' x R"), moreover 

^o(f;,x) = 0, D,<poif;,x) = Q, D,^o(^;, x) = 0, V,^o(C%^) = 
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and 

D^^^oiCh x) = 0, V,D,^o(^;, x) = 0, V2^„(^;, x) = 0. 
Furthermore, when s is sufficiently close to t, namely {2\s -t\) AT - 2\s - t\, we have 

2\s - t\\w - z\\ - x\h{\s - t\, \w - z\, \y - x\) < MC^j) ^ 

3|5 - f||w - z\\ - x\^k{2\s - t\A\w - z\, 4\y - x\). 

Now it is enough to consider tp := i/^^. ^ + ipo and to apply the definition of viscosity subsolution. 

Finally, since b, cr and / are continuous functions on their domains of definition, the inequal- 
ity in (a) holds true also for all (a, p, X) E 'P^'^M(ff , x). □ 



6. Uniqueness 



In |12ll the author proves a comparison theorem for viscosity solutions of path-dependent 
PDEs. In the present section we show that our mixed-path-dependent PDF ^ is related to a 
path-dependent PDF, given by equation ( fTOl i below. In particular, we prove that a viscosity 
subsolution (resp., supersolution) for the MPPDF corresponds to a viscosity subsolution (resp., 
supersolution) for the PPDF, see Lemma l675l In this way we can exploit the result presented in 
il2ll to prove a comparison theorem for the MPPDF 

Consider the following path-dependent PDF: 



D,u{(,, J],) + £u{(i, T],) + itr[D,.fi(^„ T],)] + tr[D,,u{(,, ri,)&{(„ 77,)] 

+f{(„ J],, ui(„ 77,), DM{(i, rji) + D,u{^„ r],)d-{(,, J],)) = 



(10) 

on [0, T) X A''+", 



HCt, m) = giCT, m)^ on Kp", 

where the operator X is given by 

lu{^„ T],) = {D_,u{{„ 7],), h{(,, J],)) + ^ti[d-{(„ J],)d-'{(,, r],)D,M(,, 7],)], 



with 



and 



f(^t,r]„y,z) := f((„r],(t),y,z), g{(T,m) := g{(T,J]T(T)), 

for every (f, //,) e [0, T] x A''^", yeR,zeW' and ((t, m) e J^f"- 

We give the definition of viscosity solution for the path-dependent PDF (fTOb by means of 



jets, following 112 1 



Definition 6.1. Given an upper semicontinuous functional u : A''^" — > R we define the parabolic 
superjet ofu at (f, z, x, rj,) 6 [0, T) X W^*" X A''"*'", denoted by V^'^u{(^, rif), as the set of triples 
{a, p, X) e K X W'^" x E>{d + n), with 
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where p, e W', p, e W, X-, 6 E>{d), E R''^" and X^, e §(«), such that 

^'i,s) ^ "(ff' 'Z?) + - + <Pz, w - z) + - x)+ 
+ ^<^;z(m' - z), w - z> + <Xx(> - x), w - z)+ 

+ ^<^xx(x - y), X - y) + o(|i -t\ + \w- z|^ + ly - 

fli i — > f^, w — > Z fl«^f y — > X We aZio introduce the parabolic limiting superjet: 

P^'^iii^f, nD = [(a, p,X)emx x §(d + n) : 3(f„, z„, x„, , 77^, fl„, 
p„,X„) such that (a„, p„,X„) e !P^'^m(^"'~", z;"^"^") a«c/ 
{z„,x„,(,^^,T],^^,u((,^^ ",T],^^ "),a„,p„,X„) 

— > (z, X, u{(f, T]^), a, p,X)}. 

When u is a lower semicontinuous functional on A''^", we define the parabolic subjet 'P^'^ u{(f, 
ofu at (t, z, X, 7],) e [0, T) x M"'+" x A''+« by 

and the parabolic limiting subjet 'P^'^ii(^f, rf j) by 

P^'-ui^^TT^) ^ -P''^{-u){^,ri^). 

Definition 6.2. An upper (resp., lower) semicontinuous functional u: A''^" — > M is called a 
viscosity subsolution (resp., supersolution) to ( 1701 ) if: 

(i) For each (t,z,x,(,,r],) E [0,7) X M''+" x A''+" and any (a,p,X) E r^'^u{i;;,rf^) {resp., 
{a, p, X) E 'P^'^u{^~, T]f)) we have 

a + {p,, b{Q, 77^)) + T?;)^,,] + itr[X,] + tr[X,(r(f;, 77;)]+ 

+ /(^~, rj% u{^l 77^), + pM^h n")) > 0, (re^/;., ^ 0). 

(ii) 5(^7-, 777-) ^ Kfr, ?7r) M(fr, 777-) ^ Kfr, m))for every {(j, m) ^ ^P"- 

Afunctional u : A'^^" —> R is called a viscosity solution to ( 1701 ) if it is both a viscosity subsolution 
and a viscosity supersolution. 

Remark 6.3. Since b, a- and f are continuous functions on their domains of definition, in Def- 
inition |6!2] the inequality in (i) holds true also for all (a,p,X) E P^'^ii(^f,T]^) {resp., (a,p,X) £ 

As mentioned at the beginning of the section, the path-dependent PDE ( fTOl l is relevant since 
it is related to the MPPDE (|9]l. This point is clarified in the next remark and in the lemma below. 

Remark 6.4. Letu: A"'xR" — > M. be an upper semicontinuous function and consider ii: A"'^" — > 
R given by 

uiC, 77,) := M(f„ 77,(0), V(f, ^„ 77,) E [0, r] x A^'^". (11) 
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Then u is an upper semicontinuous functional on A''*", moreover 

P^'^u((;,T^)^r-^u((;,r^M + x), 

for every t 6 [0, T\ rj,) 6 A''^", z £ K'' and x € R". The same equality holds true for the 
parabolic limiting superjet. 

Lemma 6.5. Let u: A'' x M" M.be an upper ( resp., lower) semicontinuous function. Then u is 
a viscosity subsolution (resp., supersolution) to ([9| if and only ifu, defined in illk is a viscosity 
subsolution (resp., supersolution) to ( I7QI ). 



Proof. The thesis follows from Lemma 1531 and Remark l6~4l □ 

We are now in the position to prove the Comparison Theorem, adapting the results presented 
in II12II to our context. 

Theorem 6.6 (Comparison Theorem). Let u, v. A^' x M" — > R Zje a viscosity subsolution and a 
viscosity supersolution to respectively. Suppose that u and v satisfy the following polynomial 
growth condition: There exists an integer m > Q such that for every (t, ^t) 6 [0, T] X A^ we have 

Kff,x)| + |y(ff,x)| 

— — — »0, as 00, 

1 + Kz, Jc)!'" 

uniformly in t e [0, T] and E A^ , where 

A| y 6 A'': ^s) = W A r), s e [0, f]}. 

re[0,n 

Then m < y on A'' X R". 

Proof. From Lemma l63] we know that u is a viscosity subsolution to (|9]l if and only if u : A''^" —> 
R, defined by 

M(^„ 77,) u{^„ 77,(0), V(f, ^„ 77,) e [0, T] x A''^", 

is a viscosity subsolution to ( fTOl i. Analogously, v is a viscosity supersolution to (|9|l if and only if 
v: A^'+" ^ R, defined by 

v(^„ 77.) v(^„ 77,(0), V(f, f„ 77,) 6 [0, r] X A''^", 

is a viscosity supersolution to (fTOl i. Furthermore, since we assumed in hypothesis (H/) (see also 
Remark lTTI ). that the function / is nonincreasing with respect to y, the following condition holds 
true: For every (^,, x) 6 A'' x R", a,/3 eR,pe R''+" and X eS{d + n) we have (I,/ is the identity 
matrix of dimension d): 

itr[(Irf, (Tie, X)')X{ ^ )] + /(^„ X, a, p, + pM^„ X)) 

-f{(„x,(^,p,+pM(„x)) ^ 0, 

when a ^ /3 and X ^ 0. Therefore the thesis follows from the Comparison Theorem (Theo- 
rem 16) proved in lll2ll . □ 
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Corollary 6.7. Under assumptions (lih,cr), (H/) and (Hg), the function u defined in (O is the 
unique viscosity solution to the mixed-path-dependent PDE continuous on A'' X W and 
satisfying the following polynomial growth condition: There exists an integer m > such that 
for every (t, ^7) 6 [0, T] X A^ we have 



l + \(z,x)\"' ^ 
uniformly in t £ [0, T] and ^, E A;, where 



as \iz,x)\ 00, (12) 



A| y [i, e A'': (.(s) = (As A r), s e [0, t]]. 

re[0,f] 

Proof. We know from Theorem |43] and Theorem 15. 3l that the function u introduced in (|5]l is a 
viscosity solution to (|9]l, continuous on A'^ x K". Finally, the polynomial growth condition ( fT2l l 
was proved in Proposition 14.41 so that the uniqueness follows from the Comparison Theorem, 
Theorem l6.6l □ 
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